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WH.4T IS SERIES EXTRAPOLATION ABOUT?

ARSTRACT

The principles involved in the analytic continuation

of a Taylor expansion are reviewed in the context of

criticul phenomena theory.
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WHAT IS SERIES EXTRAPOLATION ABOUT?*

George A. Baker, Jr.

Theoretical Division
Lou Alamoa Scientific Laboratory
University of California
Los Alamos, N. M. 87545

Much of the theoret~cal discussion in this volume revolves
around the extraction of information about the value of a function
from its Taylor series expansion. For example, the problem of find-
ing a critical index can be set out mathematically as, given the
Taylor series
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the physically interesting zero, Zo, of F(z) und the FIlopc, Y ,
of F there. Many mcthod~ of obtaining cstlmutes of the~e qunntit.ies
are known and they ore usuully presented as formulas which rclntr
the #! estimate to the first n coefficients fn of the Taylor expan-
sion of f(x). This mode of presentation m~ght lead one to the hcIHty
conclusion that Herien extrapolation is just n trunsformtlon of
“input scrim dnt~l” into “output parameter ostimateH” w~thout regnrd
for Interme(i!..lte aspectH. The insight of the nlncteentl] century
annlyst~ was thnt the antiwer to this qut’sthm is onu of nnulytlc
continunLlori from information given at Lhe point z = 0 to tti~ point
Z(I and lH qulvnl,ent, In prlnclplr, to Hupp]ylng F(z) on ~omc pnth
from 0 to zoo of fwur~v, for npproprint~’ly LIHtnhllHhrd mvlhodH,
thlH work hn~ ulrwdy hum donl’ for

.. . . . .. -., ------ .
*~(,rk ~lll)pol.~,ll~ in pilrt hy ttl(’[l.sol).()*]~*
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us. One well known example is the partial sums of the Taylor series
inside its radius of convergence. However, not all methods have had
the necessary work done, nor in some cases has it even been conterr-
plated.

In order to illustrate the point, consider the example of
Hardy.1 Suppose

f(x) ‘=1+2X2 +2X4+2X6 +Zxa + ● 00s , (3)

which can be summed exactly for 1x1 ~ 1 to yield

(4)

On the other hand eq. (3) can be rearranged as

‘(x)‘ 1‘*(*)2‘+ ● :(*)’+-(*)’ +““”~“)
which can be verified for ~xl “ 1 to be an exact rearrangement of
(3) by expanding each term in (5) and comporing order:by-order in
x. The new series plainly conv~’rges f6r small x, and indeed it gives
the same answer there as do eqs. (3) and (4). However, (s) also

plainly converges for very large x, w]]ich series (3) does not. For
example, for x = 1000, series (5) yields 1.0000020 ““o”, wherc:as thc~
analytic continuation of (4) yields -1.0000020 “-o” which is plainly
different!

Wh,lt has happen~’d? Onc sht~uld bc car~?flll whc’n rc’surnm[n~ a
divergent series, c,g. series (3) for 1x1 “ 1, ‘t’hll S lLIt U!; l.oc~k at

whfc}~ for sufficiently Smi]ll a ran ‘;CI surnmc’d to

[1-++-+-”=[+:;:;,:++-’, (7)

(H)



(9)

For A = 1, therefore the passage for 1x1 < 1 t~ lx! ~ 1 must cross
the branch-cut of the square root in (7). Hence, we have the ex-
planation of the failure of eq. (5) for x = 1000, in spite of the
rapad convergence of the series there. There is no conver~ence of
(5) on that point of the path from O to 1000 for which 1x1 = 1.

The warning of this example is that any method of series extra-
polation, no matter how aesthetically appealing, must be thoroughly
analyzed before it can be relied on. Pad&
an approximate analytic continuation which
for example, the table of values method of
the ratio methods3 in airnple cases where

f(x) = A(x) (1 - llX) -y + B(x),

methodsz directly produce
can be cross-checksd by,
Baker and Hunter,3 For

(lo)

one uses the $ order estimated parameters ~, fin and ~n to construct
the orthodox, but rarely used, approximate analytic continuation

n

-Gn
m(x) m In(l-finx) + X[

~ (-y) (-;n).l

1

1
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The convergence of the fn(x
i

can then bc checked along a sujlabl~l
path from x = O to x = ;; , and thus the convergence of the r:ltiu
method explored.

The example of CarI!p4 serves well in the rontcxt of this vulumu
as an lllustrntlon of the inadequacy of merely luoking at the con-
vergence of the “output pnrflmetcr estimaLcs.” He S}1OWH hCiW, UH~ll~

the first 10 terms of the very srnuot:l looking series to some func:ltms
of the form

IA+ BX+ ((:+ 1)x)(1 - IIX)’>](] - IIX)-5’4, (12)

he obtains by ~hr “n-shlftl’d” rn~~n mctlloli vrry goc (1 ~t’mnJng con-
vergence to i3 y ~ 1.23 instead of the true vulue of 1.25. Il;ld Lhl’
corresponding fn(x) been :umputed /lnd examlncd [here

F1(l,Yn ; -Ifnx) pluv~ the role of (1
-;,,

t~~)] , a ~f%~~~(~~clusion could b’, ft,rc~ccn.

- ;“X) in uq.
Likcwlst*, tht’

need for the u~e of orderly pruced{lrcs of ~crles iln:iJy~I~ Jn LIILI

problcm~ of (lcLuil] physic;ll ~,nterest, cilrilll)t I)(’ tuu St ron~lv
emph;lsfzcd.
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